In this paper, we introduce the representation theory of δ-Hom-Jordan Lie conformal superalgebras and discuss the cases of adjoint representations. Furthermore, we develop the cohomology theory of Hom-Lie conformal superalgebras and discuss some applications to the study of deformations of regular δ-Hom-Jordan Lie conformal superalgebras. Finally, we introduce derivations of multiplicative δ-Hom-Jordan Lie conformal superalgebras and study their properties.
INTRODUCTION
Lie conformal superalgebras are introduced by Kac in [3] , in which he gave an axiomatic description of the singular part of the operator product expansion of chiral fields in conformal field theory. It is an useful tool to study vertex superalgebras and has many applications in the theory of Lie superalgebras. Moreover, Lie conformal superalgebras have close connections to Hamiltonian formalism in the theory of nonlinear evolution equations. Zhao, Yuan and Chen developed deformation of Lie conformal superalgebras and introduced derivations of multiplicative Lie conformal superalgebras and studied their properties in [9] .
As a generalization of Lie superalgebras and Jordan Lie algebras, the notion of δ-Jordan Lie superalgebra (L, [·, ·] L , δ) was introduced in [5] , which is intimately related to both Jordan-super and antiassociative algebras. The case of δ = 1 yields the Lie superalgebra, and the other case of δ = −1 is called a Jordan-Lie superalgebra because it turns out to be a Jordan superalgebra. It is convenient to consider both cases of δ = ±1, and called δ-Jordan Lie superalgebras. However, the results on δ-Jordan Lie algebras and δ-Jordan Lie superalgebras are few in the present period.
In [1] , Ammar and Makhlouf introduced the notion of Hom-Lie superalgebras, they gave a classification of Hom-Lie admissible superalgebras and proved a graded version of Hartwig-Larsson-Silvestrov Theorem. Later, Ammar, Makhlouf and Saadaoui [2] studied the representation and the cohomology of Hom-Lie superalgebras, and calculated the derivations and the second cohomology group of q-deformed Witt superalgebra. In [8] , Yuan introduced Hom-Lie conformal superalgebra and proved that a Hom-Lie conformal superalgebra is equivalent to a Hom-Gel'fand-Dorfman superbialgebra.
Recently, the Hom-Lie conformal algebra was introduced and studied in [7] , where it was proved that a Hom-Lie conformal algebra is equivalent to a Hom-Gel'fand-Dorfman bialgebra. Zhao, Yuan and Chen developed the cohomology theory of Hom-Lie conformal algebras and discuss some applications to the study of deformations of regular Hom-Lie conformal algebras. Also, they introduced derivations of multiplicative Hom-Lie conformal algebras and study their properties in [10] , which is different from [9] . Ma and Chen introduced the notions of δ-Hom-Jordan Lie superalgebras and discussed the concepts of α k -derivations, representations and T * -extensions of δ-Hom-Jordan Lie superalgebras in detail, and established some cohomological characterizations in [4] .
The following questions arise naturally: 1. How do we introduce the notion of a δ-Hom-Jordan Lie conformal superalgebra? 2. How do we give a representation theory of δ-Hom-Jordan Lie conformal superalgebras? 3. How do we give derivations of multiplicative δ-Hom-Jordan Lie conformal superalgebras?
The aim of this article is to answer these questions. Let us briefly describe the setup of the present article. In Section 2, we introduce a representation theory of δ-Hom-Jordan Lie conformal superalgebras, in particular, we discuss the cases of adjoint representations. In Section 3, we develop cohomology theory of δ-Hom-Jordan Lie conformal superalgebras and discuss some applications to the study of deformations of regular δ-Hom-Jordan Lie conformal superalgebras. In Section 4, we introduce the notion of derivations of multiplicative δ-Hom-Jordan Lie conformal superalgebras and prove the direct sum of the space of derivations is a δ-Hom-Jordan Lie conformal superalgebra.
Throughout the paper, all algebraic systems are supposed to be over a field C, and denote by Z + the set of all nonnegative integers and by Z.
Representations of δ-Hom-Jordan Lie conformal superalgebras
In this section, we introduce a representation theory of δ-Hom-Jordan Lie conformal superalgebras and discuss the cases of adjoint representations. Definition 2.1. A δ-Hom-Jordan Lie conformal superalgebra R = R0 ⊕ R1 is a Z 2 -graded C[∂]-module equipped with an even linear endomorphism α such that α∂ = ∂α, and a C-linear map
, and the following axioms hold for a, b, c ∈ R
Remark 2.2. (1) If δ = 1 in Definition 2.1, then the δ-Hom-Jordan Lie conformal superalgebra (R, δ, α) is just the Hom-Lie conformal superalgebra in Yuan [8] .
(2) If δ = 1 and α = id in Definition 2.1, then the δ-Hom-Jordan Lie conformal superalgebra (R, δ, α) is just the Lie conformal superalgebra in Zhao [9] . Example 2.3. Let (R, δ, α) be a δ-Hom-Jordan Lie conformal superalgebra, and β : R → R be an even endomorphism. Then (R, δ, β • α) ia a δ-Hom-Jordan Lie conformal superalgebra, where
Example 2.4. Let g = g0 ⊕ g1 be a complex δ-Jordan Lie superalgebra with Lie bracket
is a δ-Hom-Jordan Lie conformal superalgebra with λ-bracket given by
Example 2.5. Let (R, δ, α) and (R ′ , δ, α ′ ) be two δ-Hom-Jordan Lie conformal superalgebras, Then (R ⊕ R ′ , δ, α + β) is a δ-Hom-Jordan Lie conformal superalgebra with
Then f is a Hom-conformal linear map of degree θ if and only if
module equipped with an even linear endomorphism α such that α∂ = ∂α, endowed with a λ-product from R ⊗ R to C[∂] ⊗ R, for any a, b, c ∈ R, satisfying the following conditions:
Theorem 2.8. Let (R, δ, α) be a δ-Hom-associative conformal superalgebra with an even linear endomorphism α. One can define
Then (R, δ, α) is a δ-Hom-Jordan Lie conformal superalgebra .
Proof. We only prove (2.3). For this, we take a, b, c ∈ R and calculate
Similarly, we have
By the associativity (2.4), it is not hard to check that
as desired. And this finishes the proof. One may check directly that (R, δ, α) is a δ-Hom-Jordan Lie conformal superalgebra.
Let Chom(M, N ) θ denote the set of Hom-conformal linear maps of degree θ from M to
is an associative conformal algebra with respect to the above composition. Thus, Cend(M ) becomes a Hom-Lie conformal superalgebra, denoted as gc(M ), with respect to the following λ-bracket
-module, and ρ : R → CendM is an even linear map satisfying
Proposition 2.11. Let (R, δ, α) be a δ-Hom-Jordan Lie conformal superalgebra and (ρ, M, β) the representation of R. Then the direct sum R ⊕ M is a δ-Hom-Jordan Lie conformal superalgebra, where the λ-bracket
Proof. Note that R ⊕ M is equipped with a C[∂]-module structure via
It is easy to check that (α + β)
. Now, we check that (2.1) holds, for any a, b ∈ R and u, v ∈ M , we have
For (2.2), we have
Next we verify that the Hom-Jacobi identity, we compute
Since (ρ, M, β) is a representation of the δ-Hom-Jordan Lie conformal superalgebra R, we have
Thus (R ⊕ M, α + β) is a δ-Hom-Jordan Lie conformal superalgebra. Proof. Since (R, δ, α) is a δ-Hom-Jordan Lie conformal superalgebra, the Hom-Jacobi identity (2.3) may be written as follows
for any a, b, c ∈ R. Then the conformal linear map ad satisfies
Therefore, (R, δ, ad, α) is a representation of R. We call the representation ad defined above the adjoint representation of the δ-HomJordan Lie conformal superalgebra.
In the following, we will explore the dual representation and coadjoint representation of δ-Hom-Jordan Lie conformal superalgebras.
Let (R, δ, α) be a δ-Hom-Jordan Lie conformal superalgebra and (ρ, M, β) a representation of R. Set M * be the dual vector space of M . We define a Hom-conformal linear mapρ :
Let f ∈ M * , a, b ∈ R and u ∈ M . We compute the right hand side of (2.4)
On the other hand, we set that the mapβ = β, then the left hand side of (2.4),
Therefore, we have the following proposition:
Proposition 2.13. Let (R, δ, α) be a δ-Hom-Jordan Lie conformal superalgebra and (ρ, M, β) the representation of R. Then (M * ,ρ,β) is a representation of (R, δ, α) if and only if
Corollary 2.14. Let (R, δ, α) be a δ-Hom-Jordan Lie conformal superalgebra and (R, δ, ad, α) the adjoint representation of R, where ad : g → Cendg. We setãd : g → Cendg * and
Nijenhuis operators of δ-Hom-Jordan Lie conformal superalgebras
In this section, we introduce the notions of Nijenhuis operators and deformations of δ-Hom-Jordan Lie conformal superalgebras and show that the deformation generated by a 2-cocycle Nijenhuis operator is trivial.
Definition 3.1. Let (R, δ, α) be a δ-Hom-Jordan Lie conformal superalgebra. An ncochain (n ∈ Z ≥0 ) of a regular δ-Hom-Jordan Lie conformal superalgebra R with coefficients in a module (M, β) is a C-linear map
(a 1 , ..., a n ) → γ λ 1 ,...,λn (a 1 , ..., a n ),
where M [λ 1 , ..., λ n ] denotes the space of polynomials with coefficients in M , satisfying the following conditions:
(1) Conformal antilinearity:
..,λn (a 1 , ..., ∂a i , ..., a n ) = −λ i γ λ 1 ,...,λn (a 1 , ..., a i , ..., a n ).
(2) Skew-symmetry:
γ(a 1 , ..., a i , a j , ..., a n ) = −δ(−1) |a i ||a j | γ(a 1 , ..., a j , a i , ..., a n ).
(3)Commutativity:
Let R ⊗0 = C as usual so that a 0-cochain is an element of M . Define a differential
where γ is extended linearly over the polynomials in λ 1 , λ 2 , λ 3 . In particular, if γ is a 0-cochain, then (dγ) λ a = a λ γ. Proof. For any u 1 , u 2 , u 3 ∈ R, we have
Because (M, β) is an R-module, we have
Let R be a regular δ-Hom-Jordan Lie conformal superalgebra. Define
Taking s = −1, because ψ ∈ C 2 α (R, R −1 ) 0 is a bilinear operator commuting with α, we consider a t-parameterized family of bilinear operations on R,
with a δ-Hom-Jordan Lie conformal superalgebra, we say that ψ generates a deformation of the δ-Hom-Jordan Lie conformal superalgebra R. It is easy to see that [· λ ·] satisfies (2.1) and (2.2).
If it is true for (2.3), by expanding the Hom-Jacobi identity for [· λ ·], we have
This is equivalent to the following conditions
By conformal antilinearity of ψ, we have
On the other hand, Let ψ be a cocycle, i.e., d −1 ψ = 0. In fact,
Replacing γ by −λ − µ − ∂ in (3.6), we have
When ψ is a 2-cocycle satisfying (3.3), (R, δ, α) forms a δ-Hom-Jordan Lie conformal superalgebra. In this case, ψ generates a deformation of the δ-Hom-Jordan Lie conformal superalgebra R.
A deformation is said to be trivial if there is a linear operator f ∈ C 1 α (R, R −1 ) such that for T t = id + tf , there holds
(3. 7) 8) where the bracket [·, ·] N is defined by
Theorem 3.4. Let (R, δ, α) be a regular δ-Hom-Jordan Lie conformal superalgebra, and f ∈ C 1 α (R, R −1 ) a Hom-Nijienhuis operator. Then a deformation of (R, δ, α)) can be obtained by putting
(3. 10)
Furthermore, this deformation is trivial.
Proof. To show that ψ generates a deformation, we need to verify (3.3). By (3.9) and (3.10), we have
Since f is a Hom-Nijenhuis operator, we get
It follows that
In the similar way, one can check that (3.4) . This proves that ψ generates a deformation of the regular δ-Hom-Jordan Lie conformal superalgebra (R, δ, α). Let T t = id + tf . By (3.2) and (3.10), we have
On the other hand, we have
Combining (3.11) with (3.12) gives
. Therefore the deformation is trivial.
Derivations of multiplicative Hom-Lie conformal superalgebras
In this section, we study derivations of multiplicative δ-Hom-Jordan Lie conformal superalgebras and prove the direct sum of the space of derivations is also a δ-Hom-Jordan Lie conformal superalgebra. Definition 4.1. Let (R, δ, α) be a multiplicative δ-Hom-Jordan Lie conformal superalgebra. Then a Hom-conformal linear map D λ : R → R is called an α k -derivation of (R, α) if
for any a, b ∈ R.
Denote by Der α k the set of α k -derivations of the multiplicative δ-Hom-Jordan Lie conformal superalgebra (R, δ, α). For any a ∈ R satisfying α(a) = a, define D k : R → R by
Then D k (a) is an α k+1 -derivation, which is called an inner α k+1 -derivation. In fact
Denote by Inn α k (R) the set of inner α k -derivations. 
Thus (2.1) follows. It is easy to check that the Hom-Jacobi identity by use of (1−δ)D•D = 0 and the proof process is left to the reader.
